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Definition 1. A second ordered differential equation of the form

d

e {—J [p(.r:}—] ¥+ q(x)y = dwl(x)y, T € [a,b (1)
dr da

with p, g and w specified such that p(r) > 0 and w(z) > 0 for = € (a,b), is called a Sturm-
Liouville(SL) differential equation.
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Definition 1. A second ordered differential equation of the form

d

— — [p(.r:}—] y+qlx)y = Awl(x)y, T € [a,b (1)
dx dx

with p, g and w specified such that p(r) > 0 and w(z) > 0 for = € (a,b), is called a Sturm-
Liouville(SL) differential equation.

Example 2. The Schrodinger equation

on an interval [a, b] is a SL differential equation.
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Definition 1. A second ordered differential equation of the form
d d s
— — |plx)—| ¥+ glx)y = Aw(x)y, r € [a,b] (1)
dx dx '

-

with p, ¢ and w specified such that p(z) > 0 and w(x) > 0 for x € (a,b), is called a Sturm-
Liouville(SL) differential equation.

Mixed Boundary Conditions Boundary conditions of the form

cay(a) +dyy'(a) = «a
f-‘h?}(h)"-‘fihif{'r)) = f (?}

where, ¢,.d,.cp. dp, 0 and 3 are constants, are called mired Dirichlet-Neumann boundary
conditions. When both a = 3 = 0 the boundary conditions are said to be homogeneous.
Special cases are Dirichlet BC (d, = d, = 0) and Neumann BC (¢, = ¢, = 0)
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Definition 4. The SL differential equation on a finite interval [a, b] with homogeneous mixed
boundary conditions, that is,

: L‘“i-‘er}i] y+a(x)y = Mw(zly, =€ lab]

dr dar
Cn .'U'[I’.I-} . f.!r” ;?J.l'rlzﬂ.}l — )
cpy(b) +dpy' () = 0O

with p(2) > 0 and w(z) > 0 for z € [a,b] is called as regular Sturm-Liouville system (or problem).
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Definition 4. The SL differential equation on a finite interval [a,b] with homogeneous mixed
boundary conditions, that is.

vl od i
i [p[-é-,?a] y+qlx)y = Awlx)y, z € [a,b]
coyla) +day'(a) = 0
cpy(b) + dpy/'(b) = 0O

with p(x) > 0 and w(x) > 0 for = € [a, b] is called as regular Sturm-Liouville system (or problem).

Example 5. Quantum particle in a 1D box: The Schrodinger equation and boundary conditions
are given by

-—(z) = Edlz) zel0,]

0(0) = 0
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Definition 4. The SL differential equation on a finite interval [a,b] with homogeneous mixed
boundary conditions, that is.

vl od i
i [p[-é-,?a] y+qlx)y = Awlx)y, z € [a,b]
coyla) +day'(a) = 0
cpy(b) + dpy/'(b) = 0O

with p(x) > 0 and w(x) > 0 for = € [a, b] is called as regular Sturm-Liouville system (or problem).

Example 5. Quantum particle in a 1D box: The Schrodinger equation and boundary conditions
are given by

2202
i B = ol
o , m1L?
-—(z) = Edlz) zel0,] —
2m O 12 . /nmx
60) = 0 R S YL ()
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1. The eigenvalues are real, countable, ordered and there is a smallest eigen-
value. Thus, we can write them as Ay < A2 < .... However, there is no
largest eigenvalue and n — oc, A, — o0.

2. For each eigenvalue A,, there exists an eigenfunction ¢,, with n — 1 zeros
on (a,b). | .
3. Eigenfunctions corresponding to different eigenvalues are orthogonal with
respect to the weight function, o(z). Defining the inner product of f(xz)
and g(x) as

h
< fg>= | FHa)g(x)o(z)dr, (6.11)

o

then the orthogonality of the eigenfunctios can be written in the form

Sy i D=2 O 20w W= 12000 (6.12)
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2= 2, v, w)
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o, L [2 (h,.h,r.f};) ) ’h,,h”.:',l;)l 2 (hnn,. a;j]
T hghohy LOu N h, Ou dv \ h, Ov dw \ hy, Ow

dr = (dx, dy, dz).
dr = h,due, + h,dve, + h,dwe,,
or i o

dr = Etln - mcle' - Edce'
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o, L [2 (h,.h,r.f};) ) ’h,,h”.:',l;)l 2 (hnn,. a;j]
T hghohy LOu N h, Ou dv \ h, Ov dw \ hy, Ow

v
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) } A
dr = (dx, dy, dz). ._fx'x. n
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S 1 Syy — (]
_ _gw., o= _fe
/s ir’ or2” " ds’ Pae = s

(22 + 932 — 22020 + Yol Trs + (22 + ¥, =0

(22 + 42 e — 2(2p2s + YrYs)trs + (22 + 42 ) ss = 0
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g : — ; . a
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Syy = 0 Spx + Sy = &

(22 + 932 — 22020 + Yol Trs + (22 + ¥, =0

(22 + 42 e — 2(2p2s + YrYs)trs + (22 + 42 ) ss = 0
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g + Ty = U ez + Fyy = £

Sy + Syy = Swa + Sy = @

Alternatively the functions ()} can be scaled
(r2 + r2)P and (s + 52)Q.

(22 + 422 — 2(20 %0 + Yelt) Tos + (32 + 12)2e, =0

(22 4+ 42 0rr — 202025 + Yrlls Yo + (27 4+ Y5 ss = 0
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g+ Ty = U ez + Py = P
Sy + Syy = Swa + Sy = @
AT IR s
N G s a0 Alternatively the functions ()} can be scaled
= T AT gyt T g

(r2 + r2)P and (s + 52)Q.

The maximum principle is now lost,

(22 + 422 — 2(20 %0 + Yelt) Tos + (32 + 12)2e, =0

(22 + 52)rr — 200 + Yol s + (82 + 12ss =0
6oL30: sbH39IOo b3MMOHObIEHM fomgdo
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Definition 4. The SL differential equation on a finite interval [a,b] with homogeneous mixed
boundary conditions, that is.

vl od i
i [p[-é-,?a] y+qlx)y = Awlx)y, z € [a,b]
coyla) +day'(a) = 0
cpy(b) + dpy/'(b) = 0O

with p(x) > 0 and w(x) > 0 for = € [a, b] is called as regular Sturm-Liouville system (or problem).

Example 5. Quantum particle in a 1D box: The Schrodinger equation and boundary conditions
are given by

2202
i B = ol
o , m1L?
-—(z) = Edlz) zel0,] —
2m O 12 . /nmx
60) = 0 R S YL ()

().

N
.
:‘""
i
I
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1. The eigenvalues are real, countable, ordered and there is a smallest eigen-
value. Thus, we can write them as Ay < A2 < .... However, there is no
largest eigenvalue and n — oc, A, — o0.

2. For each eigenvalue A,, there exists an eigenfunction ¢,, with n — 1 zeros
on (a,b). | .
3. Eigenfunctions corresponding to different eigenvalues are orthogonal with
respect to the weight function, o(z). Defining the inner product of f(xz)
and g(x) as

h
< fg>= | FHa)g(x)o(z)dr, (6.11)

o

then the orthogonality of the eigenfunctios can be written in the form

Sy i D=2 O 20w W= 12000 (6.12)
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w(z, y) = glz, y) for e 00
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2 3

r h rr h frr
u(x + h) = u(x) + h u'(x)+ ST Y (x) <+ 3T Y (x) + ©O(H*).
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A0 MMHOL BMEOIMS

2 3

r h rr h frr
u(x + h) = u(x) + h u'(x)+ ST Y (x) <+ 3T Y (x) + ©O(H*).

2 3

u(x — h) = u(x) — h u'(x) + %-u”(x} - %—um(x) + O
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A0 MMHOL BMEOIMS
h? h3
u(x + h) = u(x) + h u'(x) + EUH(X) + y”m{)‘) + O(H*) . U (x) = i hg._ u(x) O(h)
u(x — h) = u(x) — h u'(x) + -f;-u”(x} — Z—Tu”’(x) + O(h*) e = 22 :(”‘ " | o)
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A0 MMHOL BMEOIMS
h? h3
u(x + h) = u(x) + h u'(x) + EUH(X) + y”m{)‘) + O(H*) . U (x) = u(x+h) —u(x) O(h)
u(x — h) = u(x) — h u'(x) + -f;-u”(x} — Z—Tu”’(x) + O(h*) e = 22 :(”‘ " | o)

Pl u(x h)2hu(x h) +O(R)
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A0 MMHOL BMEOIMS
— " f h? h> 4 u(x + h) — u(x)
u(x + h) = u(x) + h u'(x) + Spu’(x) + F7u"(x) + O7) . v(x) = 20 4 o(h)
h? h3 u(x) — u(x — h)
u(x — h) = u(x) — h u'(x) + -2—!u”(x} — ﬁ.-,f*"(,»<) + O u'(x) = . + O(h)
U’(X) e U(X f ﬁ)zhu(x ﬁ) n C)(h?') @ @ 856@@60
Xi—1 X Xi+1
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-—_—I’,_U”(J'f) +(V(z) — E)y(;r] =), apy(a) + boy'(a) =0, ayy(b) + b1y’ (b) =0
y'(z) = (V(z) - E)y(z).

Definition 4. The SL differential equation on a finite interval [a, b] with homogeneous mixed
boundary conditions, that is.

d L d ] - _ G _r
cay(a) +duy'(a) = 0
cpy(b) +dpy’(b) = 0

with p(x) = 0 and w(x) = 0 for = € [a, b] is called as regular Sturm-Liouville system (or problem).
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